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Abstract-Working simultaneously in two teams [1,2], we have independently discovered essentially 
the same concept and many common results. As expected, each team used its own notation and 
terminology but the results are easily transformed between the two systems. We plan to publish our 
full papers separately, but present the results here. 
Graph theory terminology not included here can be found in [3,4]. A multigraph is irregular if 
no two of its vertices have the same degree. It is well-known that no graph is irregular. However, 
in [5], it is shown that for every graph G, having at most one isolate and no component isomorphic 
to K2, there exists an irregular multigraph H containing G as its underlying graph. We assume, 
henceforth, these conditions. If H is a multigraph, then the strength of H is the maximum number 
of edges that join some pair of vertices. In [5] and a number of other subsequent research papers, 
emphasis is placed on finding the minimum strength of an irregular multigraph that contains a 
given graph G as the underlying graph; this minimum is called the irregularity strength of G. 
Instead of requiring that the strength of an irregular multigraph which contains a given 
graph as underlying graph is minimized, it is natural to require that such an irregular multi- 
graph has as few total edges as possible. To this end, we defined the irregularity cost it(G) 
and the irregularity sum C(G) in [l] and [2], respectively, to be min[lE(H)l - IE(G)I] and 
min[{dega v 1 v E V(H)}], w h ere H is an irregular multigraph having G as its underlying graph. 
Thus, C(G) = 2(ic(G) + IE(G)I). 
From Theorem 7 in [5], it can be deduced that there is a constant Cl, such that, if G is a graph 
of order n 2 3, then it(G) 2 Cl n 2. Moreover, it is shown in [2] that C(G) 2 21E(G)J + 1~1. 
Hence, there exists a constant CZ, such that CZ n I it(G). Our results are now stated. 
THEOREM 1. There exist constants Cl and C2, such that for each graph G of order n 2 3, 
Czn I it(G) I C1n2, or 2Cm + 2lE(G)j 5 x(G) < 2Cln2 + 2lE(G)l. 
That the bounds given in Theorem 1 are the best possible is established in both [l] and [2]. 
THEOREM 2. Let G be an r-regular graph, r 2 2, of order n 2 4. If G contains a path of length 
n - 2, then 
it(G) = 9, 
it(G) = *, 
if n s 0(mod4) or if T- is even and n E l(mod4), or 
if n s 2(mod4) or if T is even and n = 3(mod4) 
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Theorem 2 was used in [l] to established exact values for the irregularity cost of complete 
graphs, cycles, paths and the n-cube. 
Let G, be the graph of order n 2 3 with vertex set V = (~1, ~2,. . . , vn} and edge set E = 
{vivj]l<i<nandjE{n-_+l,n-ii+,..., n} - {i}}. The following result was established 
in [l] for all n 2 3. 
THEOREM 3. For n 2 3, ic(G,) = [:I. 
The same graph G, for n E O(mod 4) was used in [2] to prove the sharpness of the lower bound 
for the irregularity sum C(G) 2 21E(G)I + [$l. 
Suppose G is a graph of order n and minimum degree 6. Then it was observed in [5] that 
and moreover, if the number n6 + (t) is odd, then C(G) 2 n& + (i) + 1. 
A graph G for which this bound is attained, i.e., C(G) = nS + (!$ is called consecutive. 
Thus, its irregular multigraph has vertices of degree S,5 + 1, . . . ,6 + n - 1. A graph G for which 
C(G) = nS + (!$ + 1 is called almost consec&iwe. It is proved in [2] that the following classes 
of graphs are consecutive (or almost consecutive): complete graphs, cycles, regular Hamiltonian 
graphs (and, therefore, cubes and the toroidal graphs G = C, x C,,,m,n 2 3), paths, wheels, 
complete bipartite graphs with balanced partite sets. Of course, proving these facts establishes 
exact values of the irregularity sum for each graph in these families. 
The following result for the Cartesian product of two graphs was proved in [2]. 
THEOREM 4. Let G1 be a consecutive graph of order n with a perfect matching. Let G2 be any 
graph having degree sequence S(G2) = dl 5 dz 5 . . . 5 &, with di < 6(G2) + (i - 1) n for 
2 5 i 5 m. Then G1 x Ga is a consecutive graph. 
This result, together with a couple of lemmas, allows us to find the irregularity sum for all 
grids. 
Finally, a necessary condition for a graph to be consecutive is established in [2]. For a graph G 
and a subset S c V(G), let cry = &deg&v) and N(S) = VIJ~N(v) be a neighborhood of 
the set S. Given two subsets S, T c V(G), as in [2], S is called nbhd closed with respect to T if 
N( N(S) IT) + S. 
THEOREM 5. Let G be a graph of order n and minimum degree 6. Let I be any independent set 
with J c N(I) so that J is nbhd closed with respect to I. Suppose that I N(J)/, I = i, IJJ = j, 
and H = G - I. If G is a consecutive graph, then 
Si+ a (I j+l Ij(n+b> - 2 ( > - Q(T). 
REFERENCES 
1. F. Harary and O.R. Oellermann, The irregularity cost of a graph (to appear). 
2. MS. Jacobson, E. Kubicka and G. Kubicki, Irregularity sum for graphs (to appear). 
3. G. Chartrand and L. Lesniak, Graphs and Digmphs, 2nd Edition, Wadsworth, Monterey, (1986). 
4. F. Harary, Graph Theory, Addison-Wesley, Reading, MA, (1969). 
5. G. Chartrand, M. Jacobson, J. Lehel, 0. Oellermann, S. Ruiz and F. Saba, Irregular networks, Congressus 
Numemntium 64, 197-210 (1988). 
